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Abstract
The mathematical foundations of relativistic quantum mechanics is
largely based upon the discovery of the Pauli and Dirac matrices. An
algebra which lies at an even more fundamental level is the geometric
Clifford algebra with metric signature (2,3)=(++—). In this geometric
algebra both the fundamental Pauli vectors of space and the Dirac vectors
of spacetime are factored into complex bivectors.
AMS Subject Classification: 15A63, 15A66, 81T10, 81Q99
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1 Geometric matrices
The geometrization of the real number system [9], is captured in the following
Axiom: The real number system can be geometrically extended to
include new, anti-commutative square roots of ±1, each new such
root representing the direction of a unit vector along orthogonal co-
ordinate axes of a Euclidean or pseudo-Euclidean space Rp,q, where p
and q are the number of new square roots of +1 and −1, respectively.
The resulting real associative geometric algebra, denoted by
Gp,q := R(e1, . . . , ep, f1, . . . , fq),
has dimension 2p+q over the real numbers R, and is said to be universal since no
further relations between the new square roots are assumed [8, 11]. Of particular
interest here are the geometric algebras G2,2 := G(R
2,2) and G2,3 = G(R
2,3).
By a geometric matrix over the real or complex numbers we mean a square
matrix of dimension 2n × 2n in the matrix algebra MF (2n) where F = R or C
[7], although other fields can be considered [4, pp.195-204]. What is particularly
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important about these matrix algebras is that they are the coordinate matrices
of the elements in the isomorphic geometric algebras.
To see how this works, we use a Witt basis of null vectors,1
{a1, . . . , an, b1, . . . , bn}, (1)
where for i 6= j, aiaj = −ajai, bibj = −bjbi and aibj = −bjai. In addition, for
1 ≤ i ≤ n, we assume the following two properties
N1. a2i = 0 = b
2
i ,
N2. aibi + biai = 1 for 1 ≤ i ≤ n.
Amazingly, by these simple rules we have completely characterized matrix multi-
plication of the coordinate matrices of the geometric algebras now to be defined
[10].
The simplest case is when n = 1, the case of 2×2 real and complex matrices
and their geometric algebra counterparts G1,1 = R(a, b) and G1,2 = C(a, b),
respectively, for a = a1 and b = b1. The multiplication table for the Witt basis
{a, b} of these geometric algebras easily follows from these two rules and is given
in Table 1. For example, to calculate (ab)(a), we multiply the equation in N2
Table 1: Multiplication table.
a b ab ba
a 0 ab 0 a
b ba 0 b 0
ab a 0 ab 0
ba 0 b 0 ba
on the left by a to get
a(ab + ba) = a2b+ aba = a,
since by the N1 a2 = 0.
By the spectral basis of null vectors (1) of the geometric algebra G1,1, we
mean (
1
a
)
u ( 1 b ) =
(
ba
a
)
( ba b ) =
(
ba b
a ab
)
, (2)
where u = ba, [5, 6]. A geometric number g ∈ G1,1 := R(a, b), with respect to
this basis, has the form
g = g11ba+ g12b + g21a+ g22ab = ( ba a ) [g]
(
ba
b
)
(3)
1By a null vector in a geometric algebra we mean a nilpotent vector of index 2.
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where [g] :=
(
g11 g12
g21 g22
)
, for gij ∈ R, is the real coordinate matrix of g, and
u = ba. The matrices of the Witt basis of null vectors {a, b} are
[a] :=
(
0 0
1 0
)
and [b] =
(
0 1
0 0
)
,
and satisfy the same multiplication Table 1, proving the algebra isomorphism
M2(R)=˜G1,1. From the spectral basis of null vectors (1), we construct the
corresponding standard orthonormal basis {e, f} of the geometric algebra G1,1 =
R(e, f), by defining e := a+ b and f := a− b. It is easily checked, using N1 and
N2, with the help of Table 1, that e2 = 1 = −f2 and ef = −fe.
In the case of the geometric algebra
G1,2 = R(e1, f1, f2)=˜C(e1, f1), (4)
The complex matrices [g], with gij ∈ C, are the coordinate matrices of the
geometric algebra G1,2 = R(e1, f1, f2). In (4), we have only asserted that G1,2
is isomorphic to the complex geometric algebra C(e1, e2). If we define the third
orthonormal vector
f2 := e1f1i ⇐⇒ i =
√−1 = e1f1f2,
identifying i as the pseudoscalar of G1,2, then we can make the stronger assertion
that
G1,2 = R(e1, f1, f2) = C(e1, f1). (5)
It is easily checked that f22 = −1, and f2 anticommutes with e1 and f1.
The Pauli algebra P3, closely related to the geometric algebra G3 of Eu-
clidean space R3, is defined by
P3 = R(σ1, σ2, σ3),
where the Pauli vectors σk are anti-commutative and satisfy
σ21 = σ
2
2 = σ
2
3 = 1.
Alternatively, the Pauli algebra P3 can be defined in terms of the geometric
algebra G1,2. We have
P3(e1) = R(e1, e1f2, e1f1) = R(σ1, σ2, σ3)=˜G1,2 (6)
for
σ1 := e1, σ2 := e1f2, σ3 := e1f1.
The coordinate matrices [σk] of the Pauli vectors σk are the famous Pauli ma-
trices,
[σ1] =
(
0 1
1 0
)
, [σ2] =
(
0 −i
i 0
)
, [σ3] =
(
1 0
0 −1
)
. (7)
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By the spectral basis of real and complex, null vectors (1) for the geometric
algebras Gn,n and Gn,n+1, respectively, we mean
A1
−→⊗ · · ·−→⊗Anu1···nBTn←−⊗ · · ·←−⊗BT1 , (8)
where we are employing the directed left and right Kronecker products ←−⊗ , −→⊗ ,
respectively, and
Ai :=
(
1
ai
)
and BTi = ( 1 bi ) ,
for 1 ≤ i ≤ n and u1···n = u1 · · ·un for ui := biai. Just as for the case
when n = 1, which we have already given in (2) and (3), the real or complex
coordinate geometric matrices [g] for a geometric number g ∈ Gn,n or g ∈
Gn,n+1, respectively, are defined by the equation
g = AT1
−→⊗ · · · −→⊗ATnu1···n[g]Bn←−⊗ · · ·←−⊗B1. (9)
The above equations (8) amd (9) establishes the isomorphisms between the
geometric coordinate matrices and the geometric algebras,
Gn,n = R(e1, · · · , en, f1, · · · , fn)=˜M2n(R) (10)
and
Gn,n+1=˜C(e1, · · · , en, f1, · · · , fn)=˜G2n(C)=˜M2n(C), (11)
where ei := ai+bi and fi := ai−bi. In the complex case, when the pseudoscalar
j = e1f1 · · · enfnfn+1 of Gn,n+1, in the center of the algebra, is set equal to
√−1,
and fn+1 :=
√−1e1f1 · · · enfn, the stronger relationship
Gn,n+1 = R(e1, . . . , en, f1, · · · , fn+1) = C(e1, · · · , en, f1, · · · , fn) (12)
is valid [11]. However, it must be remembered when using this relationship that√−1 = e1f1e2f2f3 plays the role of the imaginary number
√−1 ∈ C.
The case for n = 2 in equations (8) and (9) is treated in the next section.
2 Scaffolding of spacetime
In this section we give the details of the construction of the geometric algebra
G2.3, providing a scaffolding for both the Dirac and Pauli algebras. The basic
equations (8) and (9), for n = 2, give the geometric algebra
G2,3 = R(e1, e2, f1, f2, f3) = C(e1, e2, f1, f2)=˜M22(C),
where we have identified f3 = je1f1e2f2 for j ≡ e1f1e2f2f3 ≡
√−1.
The equation (8) for the spectral basis of complex null vectors (1) of G2,3,
gives
A1
−→⊗A2u12BT2←−⊗BT1 =


1
a1
a2
a12

 u12 ( 1 b1 b2 b21 )
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=

u12 b1u2 b2u1 b21
a1u2 u
†
1u2 a1b2 −b2u†1
a2u1 a2b1 u1u
†
2 b1u
†
2
a12 −a2u†1 a1u†2 u†12

 , (13)
where ui := biai, u
†
i := aibi, u12 := u1u2, and u
†
12 := u
†
2u
†
1 = u
†
1u
†
2. For a
complex coordinate matrix [g], the corresponding geometric number g ∈ G2,3,
is given by the second equation (9),
g = AT1
−→⊗AT2 u12[g]B2←−⊗B1 = ( 1 a1 a2 a12 ) u12[g]


1
b1
b2
b21

 , (14)
where [g] is the complex coordinate 4× 4 matrix of g ∈ G2,3.
We now give pertinent relationships between geometric algebras and their
even subalgebras, which are used to model the structure of spacetime. The
Dirac Algebra G1,3 of gamma vectors {γµ}, for µ = 0, 1, 2, 3, are defined by
G1,3 = R(γ0, γ1, γ2, γ3) (15)
where
γ20 = 1, and γ
2
1 = γ
2
2 = γ
2
3 = −1
and are pare-wise anticommutative. Hestenes’ spacetime split [3, p.25] of the
Dirac algebra into the Pauli algebra P3(γ0), by the timelike vector γ0, is simply
the recognition that
G+1,3=˜R(γ10, γ20, γ30) = R(σ1, σ2, σ3) = P3(γ0), (16)
where σk := γkγ0 for k = 1, 2, 3. It follows from (6) and (16) that
P3(e1)=˜G1,2=˜P3(γ0). (17)
The first relationship shows that the Pauli algebra is isomorphic to G1,2, whereas
the second relationship shows that the even subalgebra of the Dirac algebra G1,3
is also isomorphic to G1,2.
Regarding the even subalgebras of the geometric algebra G2,3, we have for
j = e1f1e2f2f3 =
√−1,
G1,3(f1) := G(R
1,3)=˜G+2,2(C) = R(e1f1, je2f1, f12, f31)=˜M2(Q), , (18)
G3,1(e1) := G(R
3,1)=˜G+2,2(C) = R(je21, f1e1, f2e1, f3e1)=˜M4(R). (19)
G4(e1) := G(R
4)=˜G+2,2(C) = R(e1f1, je21, f2e1, f3e1)=˜M4(R). (20)
G0,4(f1) := G(R
0,4)=˜G+2,2(C) = R(je1f1, je2f1, f12, f31)=˜M2(Q), (21)
where Q denotes the quaternions. Each of the above pseudo-Euclidean spaces
Rp,q is modeled by an even subalgebra of complex bivectors of the geometric
algebra G+2,2(C). See (18) through (21), respectively. We will only discuss (18)
in the next Section.
5
3 Factoring the Dirac and Pauli algebras
If we consider geometric algebras over the complex numbers, the classification
of the algebras becomes much simpler, [4, p.217], [11]. In (5), we saw that the
algebra G2,3 is already complexified when its pseudoscalar, the unit 5-vector
j = e1f1e2f2f3 =
√−1, so that G2,3 = G2,2(C).
Let us study now in detail the relationship (18),
G1,3(f1) = R(γ0, γ1, γ2, γ3) = R(e1f1, je2f1, f12, f31) = G
+
2,2(C), (22)
where γ0 := e1f1, γ1 := je2f1, γ2 := f12, γ3 := f31. For the Pauli vectors, we
then find that
σ1 = γ10 = je21, σ2 = γ21 = e1f2, σ3 = γ31 = f3e1 (23)
We saw in (16) how the Dirac algebra is split into a corresponding algebra of
Pauli vectors (Dirac bivectors), determined uniquely by the timelike Dirac vector
γ0, [3]. Similarly, (22) and (23) represents a double splitting of the geometric
algebra G2,3 = G2,2(C), by the vectors f1 = γ0123 and e1 = γ321, of both the
Dirac vectors {γµ} by f1 and the Pauli vectors {σk} by e1. The hope of such a
double splitting in the larger space G2,3 is that it leads to new insights into the
foundations of relativistic quantum mechanics, [1].
By redefining the matrices of the null vectors ai and bi to be
[a1] :=


0 0 0 0
0 0 0 0
i 0 0 0
0 i 0 0

 , [b1] := [a1]∗ =


0 0 −i 0
0 0 0 −i
0 0 0 0
0 0 0 0


[a2] :=


0 0 0 0
1 0 0 0
0 0 0 0
0 0 −1 0

 , [b2] := [a2]∗ =


0 1 0 0
0 0 0 0
0 0 0 −1
0 0 0 0

 ,
the matrices of the Dirac vectors γµ and Pauli vectors σk, given in (22) and
(23) in terms of the ei, fi defined in (11), become the standard Dirac and Pauli
matrices used by physicists [2, p.110], [12]. We have
[γ10] =
(
[1]2 [0]2
[0]2 −[1]2
)
, and [γk0] =
(
[0]2 −[σk]2
[σk]2 [0]2
)
, (24)
where [σk]2 are the Pauli matrices (7) for k = 1, 2, 3. Also,
γ5 := if1 = −if1 = e12f32 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


is traditionally identified as the Dirac γ5 vector [12], so the γ5 is the dual of
f1 = γ0123 with respect to the 5-vector i = e1f1e2f2f3.
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However, there is something going on in (7) and (24) that is at worst, con-
fusing. The i =
√−1 in the Dirac matrices is the 5-vector e1f1e2f2f3 ∈ G2,3,
whereas the i =
√−1 in the Pauli matrices (7) is the 3-vector σ123 = e1f12 ∈
G1,2. At best, the double-splitting of G2,3 into the Dirac and Pauli algebras will
lead to new insights.
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